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Topological photonics sheds light on some of the surprising phenomena seen in condensed matter physics that arise with the appearance of topological invariants
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. Optical waveguides provide a well-controlled platform to investigate effects that relate to different topological phases of matter, providing insight into phenomena such as topological insulators and superconductors by direct simulation of the states that are protected by the topology of the system. Previous work [2] [3] [4] [5] [6] has largely focussed on the investigation of states that appear at the edge of domains which have different topological invariants. Here, we demonstrate experimentally for the first time a photonic simulation of a Majorana fermion that binds to a vortex defect 1 which is localised in the bulk of a 2+1D photonic material. We realise the vortex in a photonic graphene analogue by introducing a distortion to the hexagonal lattice [7] [8] [9] [10] . The wavefunction of a single photon in the photonic crystal is analogous to that of a single Majorana fermion. The modes lie mid-gap at zero energy. We show adiabatic transport of the mode as the vortex is moved, as well as topological protection against imperfections of the waveguide lattice. Our research promises to open new avenues in the rapidly developing field of topological photonics 11 and provide new insights in the physics of topological solid state systems.
By virtue of the analogy between light propagating through a photonic crystal and the tight binding Hamiltonian of an electronic system, topological effects can be observed in their photonic counterpart [2] [3] [4] [5] [6] . A photonic platform allows for a high degree of control over the system parameters and is thus a powerful tool to investigate topological effects. In solid state systems this degree of control is notoriously difficult to engineer.
We demonstrate a stationary photonic Majorana zero mode in the bulk and show full control over its dynamics by adiabatically translating it on the 2D surface of the graphene lattice. We also demonstrate it is topologically protected against random errors in the waveguide positions.
Our photonic crystal is fabricated by writing waveguides in a glass substrate with a femtosecond laser 12 using adaptive optics aberration correction 13 .
The wavefunction evolution generated by a tight binding Hamiltonian describing non-interacting electrons in a crystal lattice can be mapped directly to the paraxial equations of light propagating through a photonic crystal, where the time dimension in the Schrödinger equation takes the role of the propagation direction of the light through the crystal. The paraxial equations of light propagating in a crystal lattice, including only nearest neighbour coupling, take the form:
Where ( ) is the scalar electric field at lattice site and z is the length of the crystal in the direction of light propagation. ( ) can be interpreted as the wavefunction of a single photon. The hexagonal lattice can be decomposed into two different triangular sublattices A and B as shown in Figure 1 in blue and red respectively. The are vectors connecting a site from sublattice A to its nearest neighbours, which lie on sublattice B. Hopping of an electron between lattice sites is analogous to a photon hopping between the waveguides comprising the lattice.
It has recently been proposed 7, 8 that the effect of introducing a distortion in the coupling between lattice sites, , , which is a function of a spatially varying complex order parameter Δ( ) to the tight binding Hamiltonian of the honeycomb lattice gives rise to localised topological modes in the bulk of the lattice. The Hamiltonian reads: A position-dependent order parameter that contains a vortex leads to a localised mode at the centre of the vortex. That is, for
where arg( − ) signifies the polar angle of the connecting vector between the centre of the vortex and the lattice site at position . N is called vorticity: in this work we set its value to 1. The sign of the vorticity determines which sublattice supports the mode (+1 for sublattice B, −1 for sublattice A). 0 is the width of the vortex. The mode is confined to sublattice A whereas the distortion is applied to sublattice B.
We can relate the wavefunction of non-interacting particles in a graphene lattice to Dirac fermions 14 . The 4D "spinor space" is spanned by taking as basis vectors wavefunctions localised in one of the two sublattices A, B and near either of two Dirac points ± in the Brillouin zone ( + , + , − , − ).
These quasi-particles are lattice analogues of Dirac fermions 7, 15 which acquire mass through the coupling to a scalar field 10 (cf. Higgs mechanism). If that field contains a vortex this additionally leads to an excitation carrying fractional charge and obeying non-abelian exchange symmetry 8 . Δ( ) in the lattice theory takes the role of the scalar field 16 . We can view this as describing superconductivity in Dirac fermions 1 , where Δ( ) is the superconducting pairing term and the zero energy solutions are Majorana bound states at the core of the vortex. The zero-energy solution to the Dirac equation in the presence of a vortex Δ( ) is 7, 10, 17 :
For photons in a lattice, the wavefunction is additionally modulated by + giving the expression for the electrical field strength as a function of the lattice vector 8 .
Where points to a lattice site on the supporting sublattice A.
The shape of a vortex Δ( ) and the mode of the Majorana bound state is visualised in Figure 1 a) . The perturbations , of the graphene coupling Hamiltonian which realise the vortex are implemented by small shifts in the wave-guides' positions, assuming exponential decay of the field away from the waveguides. The exponential decay was measured experimentally for different waveguide positions and relative orientations (see Appendix D). This data allows us to implement the Hamiltonian (2) faithfully. A plot illustrating relative shifts of the waveguides from the hexagonal lattice configuration is shown in Figure  2 b ). It is important to note here that it is the collective effect of small distortions applied to every lattice site which gives rise to the topologically confined mode at the centre of the vortex defect.
In order to excite the Majorana zero-mode, we developed a method based on a SLM (Spatial Light Modulator) to simultaneously illuminate multiple waveguides. This allows us to excite an optical mode consisting of more than a dozen waveguides with beams of independently controlled phase, amplitude and mode shape. This approach provides a more direct and complete excitation of the mode than has been previously possible by the expedient of exciting a single lattice site at the centre of the topological mode.
The photonic crystal consists of 1192 waveguides that make up the hexagonal graphene lattice. The distance between lattice sites is around 10 µm. This is sufficiently large to ensure suppression of next nearest neighbour coupling. We estimate the ratio of nearest to next nearest neighbour coupling strength to be less than 5%. The lattice has a rectangular boundary of approximately 400x400 µm. We excite up to 13 of the waveguides carrying an appreciable fraction of the intensity of the zero mode. Coupling to the zero mode is optimised by varying the input phases and amplitudes of the exciting beams.
In a first experiment we demonstrate a stationary Majorana zero-mode. The vortex distortion is located at the centre of the lattice. In Figure 2 c), comparing the experimental result (left) to the theoretical calculation (right), we see that the shape of the simulated mode and the experimental result match very well. The brightest peaks are in each case the central one and six peaks that form a large hexagon around the central mode. The waveguide intensity pattern is governed by the solution of the Dirac equation for an eigenvalue of zero (Equations (4) and (5)). The light in the zero mode is tightly confined to the centre of the vortex and decays quickly outside the radius of the vortex 0 = 20 µm, with a decay length governed by Equation (4) . Most of the intensity is confined to the sublattice which carries the zero-mode, as designed. To quantify the degree to which this intensity pattern represents the zero-mode, we introduce the ratio of light intensity between the two sublattices = Light intensity in sublattice A Light intensity in sublattice B
as a measure of fidelity for the excitation of the mode, which should be confined to one sublattice only. For a mode supported by sublattice A, we expect ≫ 1. The measured mode displayed in Figure 2 c) has = 5.9.
Next, we translate the Majorana zero mode across the lattice by adiabatically shifting the vortex distortion from one side of the lattice to the other by around 100 µm. A chip of 9 cm length is sufficient to ensure adiabaticity as the quasiparticle is translated. We can relate the adiabatic condition to the width of the gap in the density of states. From the centre the gap measures around (4 mm) -1 . (See appendix D Fig. 8 ). The waveguide spacing is 10 µm. Hence for the mode to propagate 100 µm across the lattice we need at least 4 cm of propagation distance, this was verified by propagating the mode numerically. We can observe transport of the zero-mode with most of the transmitted intensity measured confined around the centre of the shifted vortex and in the correct sublattice (with a ratio of = 4.7, Figure a) , top panel). The mode is no longer symmetrically excited -this is due to small variations in fabrication which easily can shift the relative intensities with which waveguides in the supporting sublattice are excited -. In Figure 3 a), bottom panel, we illustrate what happens if we try to excite the mode at a position in the lattice where there is no vortex present. We attempt to find a set of input phases and amplitudes that maximises light confinement at an output position indicated by the arrow, however, as expected we fail to excite a mode and see no light transport. The ratio of intensities = 0.67 is consistent with a random excitation of waveguides. We optimise the phases and amplitude of the input light across 13 waveguides around the white circle and optimise on the amount and confinement of light at the expected output (centre of the vortex at the output indicated by arrow). We observe light transport from left to right as the light emerges at the output vortex in the correct sublattice = 4.7. Bottom: Same region as above, mode is excited on the other side of the lattice, where no vortex is present. The circled waveguide again marks the centre of the input light field in the top picture. = 0.67 in the bottom picture. The total light intensity in the bottom picture is substantially less as most of the light is scattered into the rest of the lattice. The colour scale is normalised to the brightest peak in both pictures. b) Illustration of mode shifting by adiabatically translating the centre of the vortex as a function of depth.
To demonstrate that the mode is topologically protected against random errors of the lattice, we introduce a distortion to the position of the waveguides by shifting them by a random distance, sampled from a two-dimensional uniform distribution, where the radius of the distribution corresponds to the maximum shift applied. We note that our mode is protected against any error which preserves chiral symmetry, such as random errors in wave guide position. In Figure 4 , we show the output mode for four different distributions with = {0,100,200,300} nm.
The systematic distortion introduced to the hexagonal lattice due to the vortex is of order 250 nm. We can observe that the mode remains visible even for random errors that are on the order of the change introduced by the topological order parameter itself. The larger the distortion the more light leaks into the other sublattice. We measure a steadily decreasing amount of light in the correct sublattice = {3.8, 2.9, 2.2, 2.1} as the random distortion increases.
The protection is a consequence of the band gap opening due to the vortex distortion. The zero mode lies far away in energy from other states that might be excited. To illustrate the effect of the distortion, we average the output state over several input configurations, all of which have large overlap with the distorted mode. The averaged pictures are shown in Figure 4 . We have demonstrated a bulk topological Majorana zero mode in photonic graphene, which binds to a vortex. The topological mode is a solution to the Dirac equation in the presence of a scalar field. Through coherent excitation of multiple waveguides we were able to investigate the detailed spatial features of the Majorana zeromode. We could demonstrate that it is topologically protected and showed adiabatic transport. 
Supplemental Information

A -Experimental Setup
In order to excite the desired topological mode in the photonic lattice we need phase-stable illumination of many waveguides with full amplitude and phase control. A Spatial Light Modulator (SLM), provides control of the light field 1-6 . It consists of an array of pixels whose optical properties can be controlled individually. Our SLM is a reflective Ferroelectric liquid crystal device (FLC-SLM). Each pixel effectively acts as a half-waveplate, where the angle of the optical axis can be continuously rotated by changing the voltage applied to each pixel. The SLM contains an array of 512512 pixels. Amplitude control is achieved by illuminating the SLM with a fixed polarization and positioning a polarizing beam splitter in the path of the reflected light. Phase control is achieved by using off-axis low pass filtering in the Fourier plane. We use a superpixel method, drawing on the work of S. Goorden et al. 7 ,
but developing the method for use with an SLM with light amplitude control and optimizing the method to achieve maximum resolution, which is needed for our purpose of exciting many waveguides simultaneously.
Fig. 1 SLM Imaging Setup:
The light is first sent through a beam expander to resize the beam to match the surface dimension of the SLM. Next, the light is prepared in H-polarization by sending it through a PBS. Light reflected by the SLM is sent through a HWP to correctly match the optical axis to that of the subsequent PBS, which rejects V-polarised light. This allows for full light amplitude control. The light is then passed through a low pass spatial filter displaced in the Fourier plane of a 4F system which allows phase control.
We now illustrate our method for full phase and amplitude control in detail: The PBS in the path of light reflected from the SLM ( 
Here the second equality follow by the substitution ′ = + 0 . This result allows us to assign different phases to different pixels.
We place an iris in the Fourier plane with a displacement from the central axis chosen to give the desired phase gradient (Fig. 2) in the image plane. We choose the aperture of the iris so that the diffraction-limited spot size of the imaging system is increased to the size of a 22 group of pixels. For our 22 superpixel method, the upper limit for the aperture radius is = /2ⅆ, where is the focal length of the first lens in the 4F system and ⅆ is the distance between pixels. Thus, the pixels are "blurred" into 22
"superpixels". The complex amplitude of the electric field vector from any one of these superpixels is then the sum of the complex amplitudes of the individual pixels. Each superpixel contains four pixels with complex amplitude vectors along each of the cardinal directions in the complex plane. We can therefore create any electric field amplitude within a circle in the complex plane.
Fig. 2
The pixel phases generated by the phase gradient applied by the off-axis Fourier filter. The thicker borders denote the boundaries of 22 superpixels.
The final part of the input light preparation is another 4F telescope with an aspheric objective lens to achieve the required magnification, after which the face of the SLM is imaged onto the input facet of the glass chip. We image the output of the chip using another aspheric lens and a camera. The output of the camera is fed back to the control PC. In the experiment, the information from the camera is used in real time to create a feedback loop to control the SLM.
The SLM is controlled using Matlab. We created a Graphical User Interface (GUI) which allows the user to define an array of beams, specifying the position at which beams are generated on the surface of the SLM, (and hence where they arrive in the image plane), their width, direction (or phase gradient, kx and ky), intensity, and relative phase to other beams. This gives us a capability equivalent to the use of a pair of mirrors and a phase shifter for each of up to 400 or more beams, something which would clearly be impossible with bulk optics, but which we achieve in a very compact space.
In order to achieve this full control over the beams we use a 22 superpixel method as described above. We implement our 22 superpixel method in our control software in the following way. First, we calculate a complex electric field array over the surface of the SLM from the beam information provided by the user in the GUI. This array has dimensions of half that of the SLM pixel array (in our case 256256), so that the electric field has a value at the position of each 22 superpixel. As previously described, each pixel within the superpixel generates an electric field which points in a cardinal direction in the complex plane. To assign the illumination value of each pixel we calculate the projection of the complex electric field vector onto the cardinal vector of the superpixel (if this projection is negative then the pixel is set to zero). The resulting array is then fed to the SLM. Fig. 3 The illumination of the pixels is determined by the projection of the desired electric field vector onto the pixel's field vector. The amplitude of the superpixel is the sum of the individual pixel amplitudes, and can be any value within a circle in the complex plane. The maximum amplitude possible is equivalent to that generated by ¼ of the pixels illuminated.
B -Experimental Procedure
The first step in the coupling procedure is to ensure that the input facet of the chip is in the focal plane of the objective lens. To achieve this, we scan a small beam across a small area of the input facet which contains a few waveguides, and record the total output intensity. At positions where the beam hits a waveguide there will be a high recorded intensity. The intensity at all points of the scan is plotted in a color-map figure. This procedure is repeated for several positions of the in-coupling optics, which are mounted on a micrometer stage. After this the figures are examined, and the position which provides the sharpest contrast is selected. Finally, we optimise the coupling into each waveguide. This is achieved by following a gradient descent method, allowing the position and direction of the beams to vary. This is analogous to using a pair of mirrors to walk and steer the beam, but is achieved an order of magnitude faster and in a fully automated and reliable way.
Once beams have been coupled into every waveguide, we proceed to excite the mode. To do this we must find the correct relative intensity and phase to be coupled into each waveguide. These intensities and phases are predicted by the theory, but in our physical system each waveguide has a random input phase and there are imperfections in the lattice which mean that the optimum values of these parameters will be different from the values from the lattice simulations. We again follow a gradient descent method to find the optimum intensity and phase for each waveguide. The function we maximise is the ratio of output intensity confined within the region of the mode to the total intensity; in this way we do not optimise on the precise shape of the mode, so that when we observe the predicted shape at the output we can verify that we do detect a topological mode. Once we achieve the optimum value of this ratio, the input configuration and output camera image are recorded. This procedure is outlined in Fig. 4 .
C -Adaptive femtosecond laser writing
The laser that was employed to fabricate the waveguide lattices was the second harmonic of a regenerative amplified Yb:KGW laser (Light Conversion Pharos SP-06-1000-pp) with 1 MHz repetition rate, 514 nm wavelength, 170 fs pulse duration. The laser power beam was regulated through combination of a motorised rotating half waveplate and a polarization beam splitter before being phasemodulated by a liquid-crystal on silicon spatial light modulator (X10468-09(X), HAMAMATSU PHOTONICS K.K). Then the modulated beam was focused inside a glass chip with a 0.5 NA objective lens. The glass chip, which was fixed on a three-axis air bearing stage (AerotechABL10100L/ABL10100L/ANT95-3-V), was transversely scanned relative to the focus to inscribe waveguide. The waveguide lattices were written in borosilicate glass (Corning EAGLE 2000), with scan speed of 15 mm/s and pulse energy of 90 nJ at sample surface. The lattices were written inside the glass chips between 650 µm and 50 µm beneath the top surface.
Fig. 4
The software controlled SLM is used in conjunction with a digital camera in order to create a feedback loop which converges to an optimum solution using a gradient descent method.
Fig. 5
Comparison between single waveguides without and with aberration correction from depth 50 µm to 1000 µm; the first two columns are waveguide fabricated without and with correction of part II aberration; part I aberration had be corrected for all of them; third column are the SLM phase pattern used for correction of part I and II aberrations at corresponding depth; all waveguides were fabrication with the same scan speed of 15 mm/s and pulse energy of 90 nJ.
To fabricate uniform waveguides across the depth, we implemented automatic depth-adaptive aberration correction during fabrication. The aberration at the writing depth consisted of two parts: part I is the aberration introduced by the optics of the laser writing system; part II is the aberration caused by the refractive index mismatching between the objective immersion medium and the glass chip, which is depth-dependent. Part I aberration can be corrected experimentally by generating a fixed phase pattern on the SLM. Part II aberration can be corrected with phase pattern on SLM, which is generated based on the depth-dependent spherical aberration. The depth-dependent spherical aberration can be expressed as following equation (S2) 8 at the pupil plane of the objective lens. After fabrication, the waveguide roundness and uniformity across depth can be perceived from the end-on microscope image of the waveguide lattices, which was taken with a transmission microscope at 10 magnification (Zeiss Axioplan 2). 
D -Characterisation of Couplings throughout the Lattice
It is important that the waveguide lattice that is written has the correct coupling matrix, which determines the Hamiltonian of the system and thus the eigenmodes of the lattice. In order to ensure that the fabricated lattice has the correct coupling matrix, the strength of the coupling must be determined and controlled for every position and geometry in the lattice. In this appendix, we outline the procedure by which we determined the strength of all possible couplings throughout the chip by characterizing thousands of beam-splitters in all relevant positions and orientations.
There are two separate effects that must be considered and counteracted in order to fabricate a chip with the desired coupling matrix.
The first effect is depth-dependent coupling. Although the waveguides are written with state-of-the-art aberration correction for different depths, there are slight differences in the properties of the waveguides at different depths. These differences cause a significant variation in the behavior of the lattice, since the light propagates through the lattice over many coupling lengths, magnifying any errors. It is therefore necessary to adjust the distance between lattice sites as a function of depth, to counteract the difference in coupling strength and thus ensure a homogenous coupling matrix.
The second effect is the dependence of coupling strength on the geometry of the coupled waveguides. Because the trapped mode of light in our waveguides is elliptical, there is a dependence of coupling strength on the relative direction of the two coupled waveguides. When light in one waveguide couples to a different waveguide, propagating in the same direction, there is a vector which represents the shortest connection between the two waveguides. We refer to the direction of this vector as the "coupling direction". In a graphene-like lattice there are only two distinct coupling directions. These are the vertical direction and the direction 60 degrees from the vertical. In order to counteract this effect, it is necessary to stretch the lattice to ensure that waveguides in different geometries with respect to each other have identical coupling -that the coupling is "isotropic".
To counteract these effects, it is necessary to measure them. To do this we fabricated arrays of beam-splitters at different depths with different coupling geometries and coupling distances. For each combination of depth, geometry and coupling distance we wrote several beam-splitters with varying lengths of the coupling region. This gave us several data points to be fitted to a sine curve for each combination and allowed us to determine the coupling strength. The splitting ratios of the beam-splitters were measured using a combination of a SLM with an automated stage and camera, which allowed the process to be fully automated.
The procedure for analyzing the data was as follows. The raw data of the splitting ratios for different coupling region lengths was fitted to a sine curve to determine the coupling period (inverse coupling strength). The period for several different coupling distances was then fitted according to an exponential fit (Fig. 7) , which shows how the coupling varies over distance for the particular depth and geometry.
Once the coupling strength is determined for all configurations then the waveguide positions can be corrected to give the desired coupling matrix. An example of a lattice design with corrected waveguide positions can be seen in Fig. 6 (a) in section C.
We numerically calculate the energy spectrum of the real lattice Hamiltonian from the waveguide positions, using experimental data to obtain the coupling strengths. Comparing Figure 8 a) and b), we can clearly see a band gap opening around zero energy, as the vortex distortion is introduced to the graphene lattice. When there is a zero mode present, this gives rise to a corresponding state at the edge with opposite vorticity (−1), such that the total vorticity of the system vanishes. The topological mode has zero energy and lies together with the edge-states at the centre of the band gap. The energy of the zero-mode is not exactly zero primarily due to the finite size of the lattice. In terms of the oscillation length it is on the order of a few centimetres for a lattice of 1192 sites. . 7 Example data from the beam splitter characterisation. This data comes from a depth of (5 th layer) and is for a diagonal geometry. Left: The splitting ratios for a particular geometry, depth and coupling distance is measured for different coupling region lengths. A sinusoidal fit is then applied to determine the coupling period. Right: The resulting periods for different coupling distances (same geometries and depths) are plotted and fit to an exponential, giving the coupling strength for any distance at this depth in this geometry. In this plot, the data point for 11um separation is taken from the fit in the left hand plot.
